Proposition: The Qubit |Ψ ± ∈ C 2 is a Unit Quaternion. Proof: The Qubit is a 2-component column or row vector with complex numbers α and β satisfying |α| 2 + |β| 2 = 1. There are two orthonormal representation of the Qubit, respectively denoted by the kets |Ψ + = α β and |Ψ − = −β * α * . The bras Ψ ± | are the transpose conjugate of the kets, i.e. Ψ ± | = (|Ψ ± ) † . The Qubit satisfies the orthonormality relations Ψ ± |Ψ ± = 1 and Ψ ± |Ψ ∓ = 0. The Qubit is parameterised in terms of the 3 angles of the 3-sphere as,
(1) {ω(t), φ(t), θ(t)} are the global phase, the azimuthal angle and the polar angle.
The Unit Quaternion is a 2x2 complex matrix which takes the form,Û
Where
The Unit Quaternion is normalised with respect to the Hermitian inner productÛÛ † =σ (1) , whereσ (1) is the 2x2 identity matrix.
Consider that the Qubit can be written in Quaternion form asΨ
The difference between the Dirac bra-ket form (1), and the Quaternion form (3) of the Qubit is simply a matter of notation. Given that both representations of the Qubit (1) and (3) evolve from their initial state via the Unitary matrix,
and satisfy Schrödinger's equation,
H(t) = ıUÛ † , then it is clear the Dirac (1) and Quaternion (3) representations of the Qubit are equivalent. Q.E.D.
Unit Quaternions (2) with initial value equal to the identity matrixÛ(0) =σ (1) , are known as the Unitary matrix, whereas Unit Quaternions of the form (3) with an initial orientation not along the poles, i.e. θ(0) 0, etc., are known as Spinors.
Conclusion:
The Qubit |Ψ ± ∈ C 2 is a Unit Quaternion.
Discussion: Under the S
the global phase is identified as a natural hidden variable [1] . The SpinorΨ describes a path in S 3 and the Bloch vectorR describes a path in S 2 , parameterised by the polar and azimuthal angles. S 1 is the unit circle e ı ω 2 , parameterised by the global phase. This is a fiber bundle consisting of the intrinsic parameters which are the global, geometric and dynamic phases [2, 3] consider an equivalent Hopf-Fibration S
In this case the Bloch vector is parameterised by the polar and global phases whereas the S 1 fibration is parameterised by the azimuthal angle. Here the global and azimuthal angles have reversed their roles as the azimuthal angle is now the intrinsic parameter. Therefore the global and azimuthal angles have equivalent roles, since the Hopf-Fibration offers two different but equally valuable perspectives of the same Spinor in R 3 . The polar angle θ is defined with respect to the axis which penetrates the poles of S 3 and S 2 . The poles of the 3-sphere and 2-sphere are coordinate singularities, e.g. when θ = 0, the global and polar angles are not defined. The study of the 2-Level Quantum system is the study of the polar angle θ, which describes the Rabi oscillations of the Qubit. This angle describes the longitudinal mode of the Spinor, whereas the global ω and azimuthal φ angles describe the transverse modes. The transverse modes are the Hidden Variables of Quantum Mechanics, about which relatively little is known. The Hopf-Fibration is a projection from 4-dimensions to 3-dimensions which 'rolles up' either one of these transverse modes -as a Fiber bundle -which is then encoded in the S 2 path through the geometric and dynamic phases [2, 3] . Theories concerning the intrinsic spin of the fundamental particles derived from the Unit Quaternion should regard both parameters of the transverse modes on an equal footing [4] .
